In this paper we adapt parametric geometry of numbers developed by Wolfgang Schmidt and Leonard Summerer to a multiplicative setting, and derive a chain of inequalities for the corresponding exponents which splits the transference inequality for Diophantine exponents of lattices in the same way Khintchine's transference inequalities for simultaneous approximation can be split.
Introduction
(1)
In 2007 Laurent [2] following Schmidt [3] split these inequalities into the chains
Similar splitting of Dyson's inequality [4] corresponding to the case of approximating a subspace of dimension greater than 1, as well as splitting the inequalities for uniform analogues of ω 1 and ω d−1 , can be found in [5] .
Diophantine exponents of lattices. Transference inequalities of various kinds connect problems which are dual in some sense. For instance, Khintchine's inequalities relates the problem of approximating a one-dimensional subspace of R d with onedimensional rational subspaces to the problem of approximating that same subspace
Recently in [6] a transference theorem for Diophantine exponents of lattices was proved. Let L d denote the space of unimodular lattices in
where | · | is again the sup-norm. Consider the dual lattice
where · , · is the inner product.
Theorem 1 (see [6] ). For each Λ ∈ L d we have
Here we mean that if ω(Λ
. Remark 1. Notice that (3) can be reformulated as
One of the main incentives to commence this research was the wish to split (3) the way Khintchine's inequalities can be split. To this end we adapt the Schmidt-Summerer parametric geometry of numbers to the lattice setting and call it multiplicative parametric geometry of numbers. It appears that this approach provides many natural ways to define intermediate exponents. We observe certain phenomena of local nature and use them to obtain the desired splitting. We would like to notice that though we used multiplicative parametric geometry of numbers as a mere tool, we deem it to be of interest in itself.
The structure of the paper is as follows. In Section 2 we prove basic statements of multiplicative parametric geometry of numbers, in Section 3 we interpret lattice exponents in terms of the constructed theory, and in Section 4 we split the reformulated Theorem 1. Finally, in Section 5 we consider the three-dimensional case.
2 Multiplicative parametric geometry of numbers
Successive minima
In the spirit of fundamental works [7] , [8] , [9] it is natural to propose the following approach. Most of the argument proposed in this Section is a translation to the current context of the argument of Schmidt and Summerer [7] , and also of the paper [5] . We remind that | · | denotes the sup-norm.
and
, denote the k-th successive minimum, i.e. the infimum of positive λ such that λB τ τ τ contains at least k linearly independent vectors of Λ. Finally, for each k = 1, . . . , d, let us set
Properties of L k and S k
Since we want all the B τ τ τ to be of the same volume, we assume the sum of the components of τ τ τ to be zero. Let us set
For each τ τ τ ∈ T set
enjoy the following properties:
is continuous and piecewise linear.
Proof. Statement (i) follows immediately from the definition of successive minima. The inequality L 1 (τ τ τ ) 0 is a corollary of Minkowski's convex body theorem. The rest of (ii) and (iii) is provided by
Let us prove (iv). For each nonzero v ∈ Λ let us denote by λ v (B τ τ τ ) the infimum of positive λ such that λB τ τ τ contains v, and set
is continuous and piecewise linear. Notice that for each τ τ τ and each
we get
Thus, L k (τ τ τ ) is indeed continuous and piecewise linear.
Proposition 2. The functions S k (τ τ τ ) enjoy the following properties:
Proof. Statement (i) follows from Minkowski's second theorem, which states that
Furthermore, statement (i) of Proposition 1 and statement (i) of the current Proposition imply
and (ii) follows. Applying statement (ii) consequently, we get statement (iii).
As for statement (iv), it is an immediate corollary of statement (i).
We remind that Λ * denotes the dual lattice.
Proposition 3.
For each τ τ τ we have
Proof. In his paper [10] Mahler proved that for a parallelepiped B τ τ τ and its polar crosspolytope B
• τ τ τ we have
Since B
• τ τ τ = (D τ τ τ B)
we have
Taking the log of all sides, we get (i). Furthermore, statement (i) implies
whereas by statement (i) of Proposition 2
Summing up (7) and (8), we get (ii).
Local essence of the transference phenomenon
There is a large variety of transference theorems for all kinds of Diophantine exponents. All of them depict the connection between problems that are in some sense dual. We claim that Propositions 2 and 3 provide a relation of local nature which implies most of the existing transference theorems.
Theorem 2. We have
Theorem 2 is a corollary to the following statement, which in addition splits (9) into a chain of inequalities between the values of consecutive S k .
Theorem 3. We have
(i) S k (τ τ τ , Λ) = S d−k (−τ τ τ , Λ * ) + O(1), k = 1, . . . , d − 1, (ii) S 1 (τ τ τ , Λ) . . . S k (τ τ τ , Λ) k . . . S d−1 (τ τ τ , Λ) d − 1 . (iii) S 1 (τ τ τ , Λ) d − 1 . . . S k (τ τ τ , Λ) d − k . . . S d−1 (τ τ τ , Λ).
Proof. Statement (i) follows from statement (ii) of Proposition 3. Statements (ii) and (iii) follow from statement (ii) of Proposition 2.
It is clear that (9) follows immediately from statements (i) and (ii) of Theorem 3. Notice that the inequality
provided in the same way by statements (i) and (iii) of Theorem 3 is actually the same as (9), since for each Λ ∈ L we have (Λ * ) * = Λ. We also notice that, when formulated separately, it might be more natural to write L 1 instead of S 1 in (9) and (10) . However, in connection with Theorem 3, we prefer to write S 1 .
Schmidt-Summerer exponents
Every norm in R d induces a norm in T . Particularly, the sup-norm | · |. As for the functionals induced by | · | + and | · | − , they are not norms, the corresponding "unit balls" are simplices and are not 0-symmetric. However, | · | + cannot be neglected, as it is the image of the sup-norm under the logarithmic mapping: if x = (x 1 , . . . , x d ),
, and x log = (log x 1 , . . . , log x d ), then log |x| = |x log | + .
Most of our argument works for an arbitrary functional one can choose to measure τ τ τ , it only needs to generate an exhaustion of T .
Let f be an arbitrary non-negative function on T such that the sets
form a monotone exhaustion of T . Set
For each k = 1, . . . , d consider the functions
Definition 1. Given Λ and f , we define the Schmidt-Summerer lower and upper exponents of the first type as
and of the second type as
As before, in the absence of ambiguity, we will omit sometimes the indication of dependence on Λ and f .
Clearly, |τ τ τ | → ∞ if and only if f (τ τ τ ) → ∞. Hence, Propositions 1, 2, 3, after division by f (τ τ τ ) and taking the lim inf's and lim sup's, provide the following variety of relations.
Proposition 4. Given Λ and f , we have
(i) ψ k ψ k+1 , ψ k ψ k+1 ; (ii) Ψ 1 = ψ 1 0 , Ψ 1 = ψ 1 0 ; (iii) Ψ d−1 = −ψ d , Ψ d−1 = −ψ d ; (iv) Ψ d = 0 , Ψ d = 0 ; (v) k + 1 k Ψ k Ψ k+1 d − k − 1 d − k Ψ k 0 , k + 1 k Ψ k Ψ k+1 d − k − 1 d − k Ψ k 0 ; (vi) (d − 1)Ψ 1 Ψ d−1 Ψ 1 /(d − 1) , (d − 1)Ψ 1 Ψ d−1 Ψ 1 /(d − 1) ; (vii) ψ k (Λ, f ) = −ψ d+1−k (Λ * , f * ) , ψ k (Λ, f ) = −ψ d+1−k (Λ * , f * ) ; (viii) Ψ k (Λ, f ) = Ψ d−k (Λ * , f * ) , Ψ k (Λ, f ) = Ψ d−k (Λ * , f * ) .
Lattice exponents in terms of Schmidt-Summerer exponents
Schmidt-Summerer exponents of lattices are, in a sense, global characteristics, whereas we could consider a one-parametric path τ τ τ (s) s ∈ R + and the corresponding lim inf's and lim sup's as s → ∞. This is performed in [5] for the path defined by
corresponding to the problem of simultaneous approximation of zero with the values of n linear forms in m variables, n + m = d. In that case Schmidt-Summerer exponents correspond to intermediate Diophantine exponents (see [5] ). In the current setting we have a similar situation: the exponents Ψ 1 (Λ, f ) = ψ 1 (Λ, f ) for f (τ τ τ ) = |τ τ τ | + and ω(Λ) are but two different points of view at the same phenomenon.
Proof. As in the proof of Proposition 1, let us set for each nonzero v ∈ Λ and each
.
Splitting the transference theorem
Proposition 5 allows reformulating Theorem 1 in terms of Schmidt-Summerer exponents. Remark 1 makes this reformulation very easy to perform.
Theorem 4 (Reformulation of Theorem 1). Let f (τ τ τ ) = |τ τ τ | + . Then
(Notice that by statement (v) of Proposition 4 Ψ 1 is never positive.)
In this case we obviously have ψ 1 = Ψ 1 = 0, so, by Proposition 4
Hence ψ 1 , ψ 2 , ψ 2 , ψ 3 determine the remaining exponents. They also satisfy
for some constants c 1 (f ), c 2 (f ) (see Proposition 1). For instance,
It is natural to ask if the set of all possible values of the quadruple
is determined by (13), or if there are other restrictions on those exponents. It is also interesting whether in the case d 4 we have ψ 1 (Λ) = 0 for each lattice that is "irrational" enough. From this point of view the question whether there exists a lattice such that all its minimal systems have rank less than d is of obvious importance.
